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The 2nd year of our Master in Fundamental Mathematics is chaired by

Miguel Rodrigues luis-miguel.rodrigues@univ-rennes1.fr.

Lectures are organized along three thematics :

* Randomness, stochastic processes, statistics, ergodic theory, etc. p.2

coordoninated by Mihai Gradinaru mihai.gradinaru@univ-rennes1.fr

* Algebra & Geometry, differential geometry, algebra, arithmetics, algebraic geometry, etc. p.4

coordinated by Christophe Dupont christophe.dupont@univ-rennes1.fr

* Analysis & Numerics, partial differential equations, numerical analysis, fluid mechanics, etc. p.6

coordinated by Nicolas Seguin nicolas.seguin@univ-rennes1.fr

At the first semester, students need to validate 4 courses picked in any thematics, but they may follow
more lectures. Some courses come in pairs in the sense that one of them builds on another one and takes
it as a prerequisite. The first semester is completed by the supervised reading of a research paper.

Lectures of the second semester are more specialized and students only need to validate 2 courses. A
large part of the second semester, 2-3 months, is then devoted to a research internship leading to the
writing of a Master thesis.
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« Randomness »

First semester.

* Stochastic processes by Jean-Christophe Breton

The goal of this course is to give a short but rigourous presentation of the notion of stochastic
integral with respect to a (continuous) semimartingale. A particular focus will be made on the
Brownian motion which will be a recurrent illustration for the main tools introduced.

* Stochastic calculus by Jürgen Angst

This course is the natural continuation of the course of the course Stochastic processes. It will
first focus on the fundamental tools of stochastic calculus, such as Itô’s change of variable for-
mula, Girsanov change of measure theorem or the representation of martingales theorem. Then,
stochastic differential equations and their solutions will be introduced, as well as some of their
properties : regularity, Markovianity, semi-group property.

* Stochastic properties of dynamical systems by Françoise Pène

This course focuses on the emergence of chaotic behaviour in deterministic systems. The aim
will be, on the first hand, the study of properties of dynamical systems (ergodicity, mixing), and
also, on the other hand, the study of probabilistic limit theorems (strong law of large numbers,
central limit theorem) for stationary sequences of random variables coming from a dynamical
system. The final goal of this course is the introduction to two very powerful tools : martingale
methods and transfer operator.
Though notions from both probability theory and functional analysis will be used, most of the
needed results will be reminded.

* Statistics of stochastic processes by Ronan Le Guével

Lectures deal with estimation methods for models with continuous time stochastic processes with
jumps. First we consider classical properties of counting processes and renewal processes. After
that, we study more carefully the simple Poisson process and its generalisations, as the inhomo-
geneous Poisson process or the compound Poisson process. The pure jump Markov processes are
also studied from a probabilistic and a statistical point of view. Finally, some drift estimation
problems of Stochastic Differential Equations are considered.

* Statistical parametric estimation by Bernard Delyon

Lectures are concerned first with classical estimation methods for parametric models, i.e. when
the unknown distribution is parametrized in a finite dimensional space. Asymptotic normality
of estimators for dependent observations is studied. Estimator comparisons and optimality are
discussed.
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* Statistical non-parametric estimation by Adrien Saumard

This course is devoted to the estimation of infinite dimensional objects, such as the density of a
probability measure or a regression function. The course will be divided in three parts. First, we
will introduce the main methods of non-parametric estimation, such as the kernel methods, the
estimation by projection and the methods of regularization. Then we will focus on optimality of
the discussed methods and in particular on the best rates of convergence that can be achieved by
any estimator : this is the minimax theory. Finally, in relation with the statistical learning theory,
we will discuss model selection procedures, allowing adaptation of the proposed estimators, in
the sense that the latter will achieve optimal rates of convergence under various hypotheses on
the function to be estimated.

Second semester.

* Stochastic models, continuous or with jumps by Mihai Gradinaru

The first part of these lectures proposes an introduction to the study of stochastic processes
with jumps (essentially Lévy processes) and to the associated stochastic calculus. In the second
part we describe a few rigourous results on some stochastic models for population dynamics,
potential-driven dynamics,...

* Rough paths by Ismaël Bailleul

Many natural systems are described by Banach space-valued paths whose dynamics is described
by differential equations ẏt = f(yt)ḣt. Such an equation provides a description of the infinitesimal
increment of the path y in terms of the infinitesimal increment of a driving signal h. Usual
ordinary differential equations correspond to ht = t, but numerous situations require that we
consider non-smooth signal that may not be differentiable, like in stochastic differential equations,
where h is a Brownian trajectory.
What is then the meaning of the above equation ? Rough path theory provides an optimal setting
for such question, and has applications to controlled deterministic and stochastic systems, noisy
PDEs or machine learning ! Two thirds of the lectures will deal with the purely analytic side of
the story, so the students from the Analysis pathway are most welcome to attend the course.

* Mean field games by Hu Ying

The Mean Field Games (MFG in short) describe the evolution in continuous time of one large
number of agents interacting among them. Introduced by Lasry and Lions, the models studied in
this course are linked with various problems of optimization, with partial differential equations
(Hamilton-Jacobi, Fokker-Planck, etc.), with stochastic analysis (Backward Stochastic Differen-
tial Equations) or with the theory of games.

* two courses on statistics are given at ÉNSAI :
** Markovian models in image analysis
** Bayesian Stat. and Advanced models in financial engineering
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« Algebra & geometry »

First semester.

* Algebraic geometry I : schemes by Bernard Le Stum

* Algebraic geometry II : adic spaces by Bernard Le Stum

This two courses come in pair and each of these courses is itself cut into two 9 hours parts. In
the end, there are therefore four parts which are relatively balanced and independent.
They are introductory courses. The first one presents the vocabulary of category theory illustrated
by many examples coming from our common mathematical background. The second one intro-
duces sheaf theory with the aim of defining ringed spaces and in the end the notion of a scheme.
The third part presents the theory of valuations that allows to build spaces that somehow gene-
ralize schemes. Finally, the last part will present the notions of a formal scheme (Grothendieck),
an adic space (Huber) and an analytic space (Berkovich) that became increasingly important
these last few years.

* Introduction to algebraic curves by Christophe Ritzenthaler

* Application of algebraic curves by Christophe Ritzenthaler
to cryptography and error-correcting codes

The two foregoing courses form a pair of complementary courses.
The first one is an introduction to the geometry and arithmetic of algebraic curves. We will start
with some general results on (affine or projective) algebraic varieties and we will move to the
proofs of some fundamental results (Riemann-Roch theorem, Riemann-Hurwitz theorem, Weil
conjectures for curves,. . . ) and their consequences. In particular, we will use them to give explicit
models for curves up to genus 5.
The second one will show how to use the curves in many applications (error-correcting codes,
cryptography) and the mathematical problems which show up (in particular the existence of
curves with many points over finite fields). Softwares will be used to illustrate the course.

* Fundamentals of differential geometry by Juan Souto

* Differential topology by Juan Souto

This is a sequel to Fundamentals of differential geometry
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The two foregoing courses form a pair of complementary courses.
The first one will begin by discussing basic concepts of differential topology such as what are
manifolds, bundles, maps between manifolds, etc... It will give examples showing that such objects
appear naturally.
The second one will then focus on differential forms and de Rham cohomology, proving that
it is a topological invariant, computing it in a few cases, and obtaining some of the standard
applications such as the Browder fixed point theorem.
To conclude the class we will discuss general position and some of its applications such as
Whitney’s (weak) embedding theorem or the Hopf index formula. If time allows, we will also
discuss the notion of degree, both from the point of view of de Rham cohomology as from the
point of view of general position.

Second semester.

* Real algebraic geometry by Goulwen Fichou

In real algebraic geometry, the objects one considers can be seen in some Rn, defined by the
vanishing of a — single ! — polynomial. The study of these objects combines both algebraic
properties (like the Nullstellensatz) and topological ones.
Several rings of functions are associated with these sets, and they are related to their different
properties : of course polynomial functions, but more generally Nash functions (analytic and
satisfying a polynomial equation with polynomial coefficients), or even arc-analytic functions.
Some of these rings are noetherian, others not, but all of them enable to understand better real
algebraic sets.

* Geometric group theory by Rémi Coulon

This series of lectures is an introduction to geometric group theory. The main idea is to study the
structure of an (infinite) group, not as an algebraic object, but rather as a geometric creature.
This branch of mathematics has numerous connexions with other fields such as algebraic topology,
representation theorem, ergodic theory, etc.
During these lectures we will discuss the following notions : quasi-isometry, hyperbolic spaces in
the sense of Gromov, small cancellation theory, etc.

* Pseudo-Riemannian geometry & calculus of variations by Éric Loubeau
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« Analysis & numerics »

First semester.

* Spectral theory by Christophe Cheverry

We intend to present in this course the basic tools in spectral analysis and to illustrate the theory
with examples from various branches of physics. We also provide some general introduction to
(unbounded) operator theory.

* Microlocal analysis by San Vũ Ngo.c

This lecture will be given after the course on Spectral Theory. It will introduce pseudodifferental
operators, a generalization of differential operators which provides a particularly pleasant way
to solve some linear partial differential equations. The course will focus on the so-called semi-
classical version, which nicely highlights geometric aspects, and applies to the spectral theory of
Schrödinger type operators.

* Sobolev spaces & elliptic equations by Nicoletta Tchou

The first part of the course deals with Sobolev spaces and linear elliptic partial differential
equations. The second one is devoted to some notions of solutions and techniques related to
non-linear elliptic partial differential equations.

* Hyperbolic equations by Florian Méhats

This course takes Sobolev spaces & elliptic equations as prerequisite. It will first concern linear
hyberbolic systems, then it will focus on entropic solutions of scalar conservation laws.

* Finite element method by Éric Darrigrand & Nicolas Seguin

This lecture is a numerical counterpart to Sobolev spaces & elliptic equations. In the first part,
after some reminders on linear elliptic partial differential equations, the approximation of the
associated solutions by the finite element methods is investigated. Their construction and their
analysis is described in one and two dimensions. The second part of the lectures consists in
defining a generic strategy for the implementation of the method based on the variational for-
mulation. A program is written in Matlab (implementable with Matlab or Octave).

* Numerics of transport by Mohammed Lemou & Nicolas Seguin

This lecture is a numerical counterpart to Hyperbolic equations. The first part is devoted to the
construction and the analysis of finite volume methods for scalar conservation laws. Extensions to
systems of conservation laws and to multidimensional cases is also presented. In the second part,
semi-Lagrangian methods and particle methods for linear transport equations are investigated,
focusing on the Vlasov equation for the kinetic representation of plasma dynamics.
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Second semester.

* Modelling and mathematical analysis by Vincent Duchêne
of shallow free-surface fluid flows

During the lectures, we will discuss modeling techniques inspired by coastal oceanography pro-
blems. Specifically, we will explain how one can rigorously justify asympotic models such as
Saint-Venant, Green-Naghdi and friends starting from the free-surface Euler equations in the
shallow water regime. The main tools at stake are elliptic estimates and energy methods for
quasilinear dispersive systems.

* Normal forms : From matrices to Hamiltonian systems and nonlinear PDEs. by

Erwan Faou

In these lectures, we will study very general and universal technics allowing some quantitative
study of dynamical systems such as long time behaviour of solutions. The general idea is to
transform a given system into a "normal form" giving much more dynamical information than in
the original variables (computation of trajectories, invariants, etc.). In a geometrical framework
coming from Hamiltonian dynamics, we will first discuss the diagonalization of symplectic ma-
trices, and then study perturbations of diagonal matrices. We will then study the consequences
for the qualititative properties of numerical schemes, in link with the Floquet theory. We will
then address the case of integrable nonlinear Hamiltonian systems and the KAM theory of per-
turbations (named after Kolmogorov-Arnold-Moser). The applications of numerical integrators
will also be shown, as well as links with averaging technics. Eventually, we will study the case
of Hamiltonian Partial Differential equations and their numerical discretizations in this context.
We will present some recent developments concerning the long time analysis of such systems
(preservation of the regularity for wave equations, damping phenomena for nonlinear transport
equations).

* Optimal control & Hamilton-Jacobi equations by Marc Quincampoix

In these lectures, we will discuss optimal control problems together with the associated Hamilton-
Jacobi Equations. We will also study how to cope with uncertainty on initial data of the system,
and see why optimal transport and the notion of viscosity solutions provide well adpated tools
to investigate these problems.

Note that courses Rough paths and Mean field games of the « Randomness » thematic also have a strong
analytic flavour.
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